Abstract. Rosso and Jones gave a formula for the colored Jones polynomial of a torus knot, colored by an irreducible representation of a simple Lie algebra. The Rosso-Jones formula involves a plethysm function, unknown in general. We provide an explicit formula for the second plethysm of an arbitrary representation of sl3, which allows us to give an explicit formula for the colored Jones polynomial of the trefoil, and more generally, for T (2, n) torus knots. We give two independent proofs of our plethysm formula, one of which uses the work of Carini-Remmel. Our formula for the sl3 colored Jones polynomial of T (2, n) torus knots allows us to verify the Degree Conjecture for those knots, to efficiently the sl3 Witten-Reshetikhin-Turaev invariants of the Poincare sphere, and to guess a Groebner basis for recursion ideal of the sl3 colored Jones polynomial of the trefoil.
The initial goal of this paper was to provide a supply of explicit quantum invariants so as to help in formulating and testing a number of conjectures. The most readily approachable knots in this context are the (m, n) torus knots, particularly when m = 2. The aim was to give explicit details for the sl 3 invariants, as these are potentially the simplest case after the more readily available colored Jones (sl 2 ) invariants.
There is a general method of Rosso and Jones to determine any quantum invariant of a torus knot. For the invariant of the (m, n) torus knot with quantum group module V their calculations require knowledge of the decomposition of the module ψ m (V ) into irreducible representations. This is a combinatorial problem depending on the quantum group and the choice of V , which does not always have a readily available explicit formula.
We give here an explicit formula where m = 2 and V is a general irreducible sl 3 module; from this we are able to give a detailed estimate for the extreme degrees of the resulting Laurent polynomial invariant.
Subsequently the second author reformulated some combinatorial work of Carini and Remmel [CR98] describing ψ 2 (V ) for the irreducible sl N modules which correspond to partitions with 2 parts. This recovers the explicit formulae for sl 3 , and also allows us to extend them to sl N .
The colored sl 3 Jones polynomial of the trefoil
In his seminal paper [Jon87] , Jones introduced the Jones polynomial of a knot K in 3-space. The Jones polynomial is a Laurent polynomial in a variable q with integer coefficients, which can be generalized to an invariant J K,V (q) ∈ Z[q ±1 ] of a (0-framed) knot K colored by a representation V of a simple Lie algebra g, and normalized to be 1 at the unknot. The definition of J K,V (q) uses the machinery of quantum groups and may be found in [Tur88, Tur94] and also in [Jan96] .
Concrete formulas for the colored Jones polynomial J K,V (q) are hard to find in the case of higher rank Lie algebras, and for good reasons. For torus knots T , Jones and Rosso gave a formula for J T,V (q) which involves a plethysm map of V , unknown in general. Our goal is to give an explicit formula for the second plethysm of representations of sl 3 and consequently to give a formula for the sl 3 colored Jones polynomial of the trefoil. To state our results, let V n 1 ,n 2 denote the irreducible representation of sl 3 with highest weight
where n 1 , n 2 are non-negative integers and ω 1 , ω 2 are the fundamental weights of sl 3 dual to the simple roots α 1 , α 2 . In coordinates, we have
The quantum integer [n], the quantum dimension d n 1 ,n 2 and the twist parameter θ n 1 ,n 2 of V n 1 ,n 2 are defined by
Let T (m, n) denote the torus knot associated to a pair of coprime natural numbers m, n, and let J T (m,n),n 1 ,n 2 (q) denote the sl 3 colored Jones polynomial of the torus knot T (m, n) colored by V n 1 ,n 2 .
Theorem 2.1. For all odd natural numbers n we have
Theorem 2.1 can be used to answer for several problems.
• We can verify the sl 3 -Degree Conjecture of the colored Jones polynomial for the trefoil; see [GV] . Explicitly, we can compute the lowest degree δ * T (2,n),n 1 ,n 2 and the highest degree δ T (2,n),n 1 ,n 2 of the Laurent polynomial J T (2,n),n 1 ,n 2 (q) as follows
The above formula verifies that the degree, restricted to each Kostant chamber, is a quadratic quasi-polynomial.
• We can efficiently compute the Witten-Reshetikhin-Turaev invariant of the Poincare sphere, complementing calculations of Lawrence [Law03] .
• We can guess an explicit Groebner basis for the ideal of recursion relations of the 2-variable q-holonomic sequence J T (2,3),n 1 ,n 2 (q); see [GK10] .
Remark 2.2. An alternative formula for the sl 3 colored Jones polynomial of T (2, 3) is given by Lawrence in [Law03] . Lawrence's formula is derived from the theory of Quantum Groups, and cannot generalize to the case of T (2, n) torus knots. In contrast, the plethysm formula of Theorem 2.4 below can be generalized to a formula for ψ m (V λ ) which allows for an efficient formula of the sl 3 colored Jones polynomial of all torus knots. Additional generalizations are possible for all simple Lie algebras; see [GV] .
Remark 2.3. Theorem 2.1 gives an efficient computation of the sl 3 colored Jones polynomial of the 3 1 , 5 1 , 7 1 and 9 1 knots in the Rolfsen notation. In low weights, our answer agrees with the independent computation given by the entirely different methods of the KnotAtlas; see [BN05] . This is a consistency check which simultaneously validates the formulas of Theorem 2.1 and the data of the KnotAtlas.
2.
1. An sl 3 plethysm formula. As mentioned above, Theorem 2.1 follows from the Rosso-Jones formula for the colored Jones polynomial of torus knots and the following plethysm computation. Let ψ m denote the m-plethysm operation.
Theorem 2.4. For λ as in Equation (1) we have
3. The Rosso-Jones formula
The polynomial invariant J K,V (q) of a knot K colored by the representation V of a simple Lie algebra is difficult to compute from its Quantum Group definition even when K = 4 1 and g = sl 3 . Although it is a finite multi-dimensional sum, a practical computation seems out of reach. Fortunately, there is a class of knots whose quantum group invariant has a simple enough formula that allows us to extract its q-degree. This is the class of torus knots T (m, n) where m, n are coprime natural numbers. The simple formula is due to Rosso and Jones, and also studied by the second named author, [RJ93, Mor95] . Let d λ denote the quantum dimension of the representation V λ and θ λ is the eigenvalue of the twist operator on the representation V λ . d λ and θ λ are given by
where α belongs to the set of positive roots, ρ = 1 2 α>0 α is half the sum of positive roots and (·, ·) denotes the g invariant inner product on the dual of the Cartan algebra (normalized so that the longest root has length √ 2). When g = sl 3 and λ is given by (1), then the quantum dimension and the twist parameter coincide with (3) and (4). For a natural number m, consider the m-Adams operation ψ m on representations. It is given by (see [FH91, Mac95] 
where c µ λ,m are non-zero integers. The Rosso-Jones formula is the following (see [RJ93] ):
For related discussion, see also [MM08] .
Schur functions in sl 3
4.1. A review of Schur functions. Let us recall some well-known properties of Schur functions and their relation to the character of irreducible representations of sl N , that can be found in [Mac95, FH91] . For a partition λ with parts
denote the corresponding Schur function. A partition λ = (λ 1 , . . . , λ k ) will be depicted as an arrangement of boxes as follows (for λ = (4, 2, 1)):
If ω i denote the fundamental weights of sl N and n i are nonnegative integers for i = 1, . . . , N − 1, and λ = (
For λ = (4, 2, 1) we then have (n 1 , n 2 , n 3 ) = (2, 1, 1).
The plethysm operation ψ m is defined by
In sl N the irreducible modules correspond to partitions λ with at most N parts. The decomposition of ψ m (V λ ) into irreducibles needed for the invariant of the (m, n) torus knot is given by the corresponding expansion of the symmetric function ψ m (s λ ) as a linear combination of Schur functions.
When N = 3 the Schur function s λ vanishes where λ has more than 3 parts, and satisfies s a,b,c = s a+1,b+1,c+1 . Then s a,b,c = s a−c,b−c , so we need only consider partitions with at most 2 parts. All the same, it will be convenient to use 3 parts in what follows. 
Theorem 4.2. In sl 3 for all m 1 > m 2 we have:
It is interesting to note that the coefficient of every Schur function in the expansion of ψ 2 (s m 1 ,m 2 ) is 0, ±1. The same feature proves to be the case for ψ 2 (s m 1 ,m 2 ) in the general case of sl N , noted in Subsection 5.1. 4.3. Theorem 4.2 implies Theorem 2.4. Since V * n 1 ω 1 +n 2 ω 2 = V n 2 ω 1 +n 1 ω 2 , and J K,V * (q) = J K,V (1/q), it suffices to prove Theorem 2.4 when n 1 > n 2 . Equation (11) for N = 3 implies that character(V n 1 ω 1 +n 2 ω 2 ) = s n 1 +n 2 ,n 2 (x 1 , x 2 , x 3 ) Fix nonnegative integers n 1 and n 2 and set (m 1 , m 2 ) = (n 1 + n 2 , n 2 ) in Theorem 4.2.
We can parametrise a tuple (a, 
In the proof of Theorem 4.2 we will need the following special cases of the Littlewood-Richardson rule adapted to sl 3 , bearing in mind that Schur functions for partitions with more than 3 parts are 0 in this case; see [Mac95] . 
by induction on m 2 Corollary 4.6 then shows that 
The total sum of the left hand sides of the equations in Lemma 4.7 is then the left hand side of the equation in theorem 4.3, while the terms on the right hand sides make up the right hand side of Theorem 4.3. We make repeated use of the parity rules to ensure that inequalities force a difference of at least 2. With the exception of a couple of less obvious cases we omit proofs that the individual parity rules for (a ′ , b ′ , c ′ ) are satisfied, as they generally follow readily from those for (a, b, c) and vice versa. Equally the sum a ′ + b ′ + c ′ is always obviously correct. m 2 ) with c = 2m 2 . This proves Equation (14).
Proof. For Equation (12), put a
For Equation (15), put a ′ = a + 1, 
Hence (a, b, c) ∈ D(m 1 , m 2 ) with a = b. This proves Equation (14).
5.
A proof of Theorem 4.2 using Carini-Remmel's work 5.1. A review of Theorem 5 of [CR98] . In this section we give an alternative proof of Theorem 4.2 using the work [CR98] of Carini and Remmel. In Theorem 5 of loc.cit., Carini and Remmel give the expansion of the plethysm ψ 2 (s a,b ) for the Schur function of a 2-row partition of n = a + b in terms of Schur functions s λ , where λ runs through partitions of 2n with at most 4 parts. In this expansion each s λ has coefficient 0, ±1, depending on the parities of the parts of λ and some linear inequalities.
In their paper they use the opposite convention to Macdonald, so that they take 0 ≤ a ≤ b for the given partition of n = a + b and 0 ≤ λ 1 ≤ λ 2 ≤ λ 3 ≤ λ 4 for the parts of the partition λ of 2n. They also use the more common combinatorial notation p 2 rather than ψ 2 . Theorem 5 of [CR98] can be readily restated as follows, by grouping separately the partitions λ of 2a + 2b with λ 1 + λ 3 ≥ 2a and those with λ 1 + λ 3 < 2a in the expansion of ψ 2 (s a,b ):
• When λ 1 + λ 3 ≥ 2a, λ 1 + λ 2 is even and λ 1 + λ 2 ≤ 2a, the Schur function s λ has coefficient (−1) λ 2 +λ 3 .
• When λ 1 + λ 3 < 2a, λ 2 + λ 3 is even, 2a ≤ λ 2 + λ 3 and 2a ≤ λ 1 + λ 4 , the Schur function s λ has coefficient (−1) λ 1 +λ 2 . • All other s λ have coefficient 0. The first of these cases corresponds to the partitions in (ii) and some of (i) in [CR98, Thm.5], while the second corresponds to the partitions in (iii) and the remaining partitions in (i).
Reformulation of Carini and
Remmel's expansion of ψ 2 (s m 1 ,m 2 ). Theorem 5 of [CR98] gives rise to an expansion of ψ 2 (s m 1 ,m 2 ), m 1 ≥ m 2 , in Schur functions of x 1 , . . . , x N which is valid for all N .
We can reformulate this further by specifying the support set for the partitions which appear in the expansion in terms of linear inequalities and some parity rules, so that Theorem 4.2, the case where N = 3, is an immediate corollary. Using Macdonald's ordering, we take m 1 in place of b and m 2 in place of a from [CR98] , and write (λ 4 , λ 3 , λ 2 , λ 1 ) = (a, b, c, d) = λ. 
The contribution of the partitions λ with b + d ≥ 2m 2 is then
and k, l, d are integer parameters with k, l, 
The contribution of the partitions λ with
and k, l, d are integer parameters with k, l,
5.4. Reduction to the case of sl 3 . In the special case of sl 3 we have d = 0, and we get two double sums of 3-row Schur functions, one for partitions with b ≥ 2m 2 , and one for those with b < 2m 2 , to avoid double counting those with b = 2m 2 . Since we are working in sl 3 this can be reduced further to sums over 2-row partitions, since s a,b,c = s a−c,b−c Explicitly we have from the first group of partitions the sum
This gives a second proof of Theorem 2.4. It may be preferable all the same to retain the 3-row format when estimating the effects of twists in sl 3 as then all the partitions have 2m 1 + 2m 2 cells and thus their twist factors depend only on the total content of the partition.
Sample computations
In this section we give some sample computations of Theorems 2.1 and 2.4. where V n 1 ,n 2 = V n 1 ω 1 +n 2 ω 2 .
For future checks with other formulas, Theorem 2.1 implies that J 2,3,70,70 (1/q) is a polynomial of q with exponents with respect to q in the interval [280, 30100] (where the end points are attained), leading and trailing coefficients 1 and coefficients in the interval [−55196, 65594] , where the coefficient −55196 is attained at precisely at q 18854 and q 18925 and the coefficient 65594 is attained precisely at q 18165 . In other words, we have 
